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Abstract
We discuss metric perturbations of the relativistic diffusion equation
around the homogeneous Ju¨ttner equilibrium of massless particles in a
homogenous expanding universe. We describe the perturbations corre-
sponding to the gravitational wave background. We show that the lowest
order perturbation can be treated as a variation of temperature. We de-
rive a formula expressing temperature fluctuations in terms of the diffusion
and tensor power spectrum. We discuss the multipole expansion of the
fluctuations in the presence of diffusion.
1 Introduction
The currently accepted concordance cosmological model (ΛCDM)[1] is in ex-
cellent agreement with observational data. However, the incorporation of dark
matter and dark energy in this model means that some forms of matter and their
interactions remain unknown. We may assume that at present only the grav-
itational interactions are relevant. However, the unknown particles and their
non-gravitational interactions might play a significant role in the early universe.
If the early universe is described in terms of known particles and interactions
then the lack of information about the remaining forms of matter will be ex-
perienced as a non-conservation of energy-momentum of the observed particles.
The energy will dissipate into a surrounding of ”dark matter” like the energy
of Brownian particles does. We suggest the relativistic diffusion as a model of
energy dissipation. The diffusion comes from a Markovian (no memory) approx-
imation and does not depend on the details of the interactions. In our earlier
paper [2] we have discussed a diffusion of massless particles in a homogeneous
expanding metric. The diffusion equation determines a phase-space distribu-
tion which defines the energy-momentum of diffusing particles. The diffusion
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equation for massless particles has as a solution the Ju¨ttner distribution with a
time-dependent temperature. We have discussed also a non-linear version of the
diffusion equation (taking into account the quantum statistics) which leads to
the time-dependent Planck distribution. We insert the energy-momentum of dif-
fusing particles into the Einstein equations. It comes out that a compensation of
the energy-momentum non-conservation leads to a time-dependent cosmological
term. We have shown that the time-dependent Ju¨ttner and Planck distributions
give the standard Friedmann equations. We have derived a modified Friedmann
equation taking into account the diffusive energy dissipation. For general solu-
tions of the diffusion equation the modification leads to a substantial departure
from the Friedmann evolution.
In this letter we report on our study of diffusing particles moving in a non-
homogeneous metric. We are interested in structure formation and temperature
fluctuations of a dissipative system of particles. Dissipation is unavoidable in a
description of the evolution of density perturbations and temperature fluctua-
tions in a surrounding of an unknown matter and interactions. A dissipation is
also necessary in order to achieve a smooth behaviour for a large time. The de-
terministic (Hamiltonian) systems experience a sensitive dependence on initial
conditions. Such a dependence is especially undesirable in cosmological mod-
els when the knowledge of initial conditions is not available. In this paper we
continue a description of dissipation by a relativistic noise. We consider inhomo-
geneous metric and discuss a solution of the diffusion equation as a perturbation
in the inverse temperature. We show that such a perturbative solution of the
inhomogeneous diffusion equation can be treated as a variation of temperature.
The solution of the diffusion equation can be considered as a perturbation by
diffusion of the well-known perturbative solution of the Liouville-Vlasov equa-
tion discussed in the context of the integrated Sachs-Wolfe effect [3][4][5]. In
this preliminary study we do not intend to explore the complete system of Ein-
stein equations with diffusing particles. We restrict ourselves to the lowest order
approximation of tensor perturbations. In this approximation the tensor pertur-
bations can be identified with gravitational waves. The recent BICEP2 results
[6] suggest that in an early universe the perturbations by gravitational waves
are of the same order of magnitude as the curvature perturbations leading to
structure formation. We show that the diffusion can have a significant impact
on temperature fluctuations only if the integrated Sachs-Wolfe effect is numeri-
cally relevant. It has not been detected in CMB measurements (it is decreasing
at small angular scales and its contribution is more difficult to extract from
experimental data). Nevertheless, with the growing precision of measurements
the integrated Sachs-Wolfe effect corrected by diffusion could give additional
important information about the physical origins of the departure from homo-
geneity.
The plan of the paper is as follows. In sec.2 we derive the well-known [5][7]
perturbative solution of the Liouville-Vlasov equation for massless particles in an
inhomogeneous metric in a way which can easily be generalized to the diffusion
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equation. In sec.3 we discuss the relativistic diffusion equation on a space-time
dependent metric. The Ju¨ttner distribution with a time-dependent temperature
is a solution of the diffusion equation in a homogeneous metric. We look for
a perturbative solution of the diffusion equation in an inhomogeneous metric
around the Ju¨ttner distribution. We obtain a solution which can be interpreted
as a diffusive variation of temperature in a space-time dependent metric. In
sec.4 we calculate correlation functions of temperature fluctuations in a diffusive
system which result from tensor perturbations in a quantum vacuum. We discuss
the form of the temperature correlations and their multipole expansion which
follow from the metric fluctuations. Some examples of metric fluctuations are
discussed in the Appendix.
2 Einstein-Liouville-Vlasov equations
In this section we solve perturbatively the Einstein-Liouville-Vlasov equation
describing a distribution of classical trajectories (see [8][9] for its application in
general relativity). We decompose
gµν = hµν + hµν , (1)
where hµν describes homogenous metric in the conformal time and
ds2 = gµνdx
µdxν = a2(dt2 − dx2 − γijdxidxj). (2)
We decompose the Christoffel symbols corresponding to the perturbation (1)
Γµνρ = Γ
µ
νρ + δΓ
µ
νρ. (3)
Using eq.(3) we write the Liouville equation in the form
(pµ∂xµ − Γ
k
µνp
µpν∂k)Ω = δΓ
k
µνp
µpν∂kΩ, (4)
where ∂xµ =
∂
∂xµ
and x = (t,x) (boldface letters denoting the three vectors),
∂k =
∂
∂pk
denotes derivatives over momenta.
For massless particles and in the homogeneous metric (hµν = 0) any function
F (a2|p|) is the solution of eq.(4)[10]. We are interested in classical equilibrium
states described by the Ju¨ttner distribution [11]
ΩE = exp(−a2β|p|) (5)
where β ≡ 1
T
is the inverse temperature and
p2 =
∑
j
pjpj
3
In an inhomogeneous metric (2) we consider the Ju¨ttner distribution of the
form
ΩgE = exp(−βp0), (6)
where (from gµνp
µpν = 0)
p0 = g00p
0 = a2(p2 + pjγjkp
k)
1
2 . (7)
Then, the solution of eq.(4) (neglecting second order terms in γ) can be ex-
pressed as
Ω = ΩgE + βp0ΘΩ
g
E, (8)
where nk = pk|p|−1 and Θ is the solution of the equation
∂tΘ+ n
k∂xkΘ = −
1
2
njnk∂tγjk. (9)
It follows that (till the first order in δT )
Ω = exp(− p0
T + δT
), (10)
where
δT = TΘ. (11)
Eq.(9) has the solution
Θ(t,x) = Θ0(x − nt)− 12
∫ t
0
∂sγjk(s,x− (t− s)n)njnkds (12)
with the initial condition Θ0(x). For a realistic system of a gas of interacting
particles the collision terms should be taken into account. A solution of the
Boltzmann equation (with collision terms) for the temperature variation in an
inhomogeneous metric has been developed by means of numerical methods [12]-
[13] (CMBFast and CAMB, see also the discussion in [14]). In analytic methods
some approximations to the collision term are applied . Dodelson ( sec.4.4 in [7])
derives a friction term as the relaxation time approximation to the Boltzmann
equation (see [15] for a discussion of such a term in a general metric). In the next
section we consider diffusion approximations which can simulate interactions
with the dark matter (a diffusion approximation for the collision term in the
relativistic Boltzmann equation has been discussed in [16]). The diffusion and
friction relax the dependence on the initial conditions (in the sense that the
initial condition is irrelevant for the large time behaviour).
3 Relativistic diffusion
In this section we first review the theory of the relativistic diffusion. Then, we
solve the diffusion equation in a space-time dependent metric in a close analogy
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to the solution of the Liouville equation in sec.2. We look for a relativistic gen-
eralization of the Kramers diffusion defined on the phase space. It is determined
in the unique way by the requirement that the diffusing particle moves on the
mass-shell H+ (see [17][18][19][20][21])
gµνp
µpν = m2. (13)
The diffusion is generated by the Laplace-Beltrami operator △mH on H+
△mH =
1√
G
∂jG
jk
√
G∂k, (14)
where
Gjk = m2gjk + pjpk, (15)
∂j =
∂
∂pj
and G = det(Gjk) is the determinant of Gjk.
The transport equation for the linear diffusion generated by △H reads
(pµ∂xµ − Γkµνpµpν∂k)Ω = κ2△mHΩ, (16)
where κ2 is the diffusion constant. Eq.(16) is a generalization of the Liouville
equation (4) incorporating dissipation.
Next, we consider a diffusion at finite temperature β−1[19][20][21][22][23](in
a frame moving with the heat bath; this equation can be considered as a linear
version of the Kompaneets equation [24][25])
(pµ∂xµ − Γkµνpµpν∂k)Ω = κ2p0∂j(Gjkp−10 ∂k + βpj)Ω. (17)
Here, p0 is determined from eq.(13). ΩE (5) is the solution of eq.(17) in the
homogeneous metric in the massless (ultrarelativistic) limit m = 0. In our
interpretation the expanding dark matter plays the role of a heat bath. The
general solution of eq.(17) tends to ΩE for a large time.
In the inhomogeneous metric (2) we write the solution in the form (10)
Ω = ΩgE + βp0ΘΩ
g
E + βra
2ΩgE = (1 + βra
2) exp(− p0
T + TΘ
) = exp(−p0 − a
2r
T + TΘ
)
(18)
where the equality is up to the second order terms in Θ and r. It can be seen from
eq.(18) that the term −a2r has the meaning of a supplementary gravitational
potential induced by the diffusion in a heat bath . Inserting this formula in
eq.(17) we obtain equations for the temperature fluctuation Θ and for r
∂tΘ+ n
k∂xkΘ+ κ
2βa2Θ = −1
2
njnk∂tγjk, (19)
∂tr + n
k∂xk r + 2Hr = 3κ2Θ, (20)
where
nk = pk|p|−1. (21)
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The solution of eq.(19) reads
Θt(x) = exp(−βκ2
∫ t
0 a
2(s)ds)Θ0(x− tn)
− 12
∫ t
0 ds exp(−βκ2
∫ t
s
a2(r)dr)∂sγjkn
jnk(s,x− (t− s)n), (22)
where Θ0 is the initial condition. Note that in cosmological models (for a large
t the scale factor a is increasing) the term depending on the initial condition
disappears. Eq.(22) describes a variation of the temperature of a gas of particles
interacting with an environment. We have approximated the interaction by
diffusion.
4 Temperature fluctuations
The aim of this section is to obtain explicit analytic expressions for temper-
ature fluctuations. We restrict ourselves to tensor perturbations [26][27](the
general perturbations require a solution of Einstein equations with an energy-
momentum tensor describing matter distribution [28][29]). The formula for the
correlations of temperature fluctuations follows from eq.(22) and the discussion
in Appendix (we neglect the term depending on the initial condition Θ0 which
disappears at large time)
〈Θ(t,n)Θ(t,n′)〉 =
= 14 (2π)
−3
∫ t
0 ds
∫ t
0 ds
′
∫
dqF (s, s′, q) exp(−βκ2(∫ t
s
+
∫ t
s′
)dra2(r))
(2(n∆(q)n′)2 − (n∆(q)n)(n′∆(q)n′)) exp(−i(t− s)nq+ i(t− s′)n′q),
(23)
where
n∆(q)n′ = nn′ − q−2(qn)(qn′) ≡ ∆(nn′, en, en′) (24)
n∆(q)n = 1− q−2(qn)2 ≡ δ(en) (25)
and we write q = qe with a unit vector e. In eq.(23)
F (s, s′, q) = ∂s∂s′P (s, s
′, q) (26)
where P is the correlation function (eqs.(2)-(4) in the Appendix) of tensor per-
turbations. F (s, s, q) is the power spectrum of the gravitational waves (eq.(7) of
the Appendix). The various factors in the formula (23) for temperature fluctu-
ations result from general rules: the assumption that the tensor perturbations
are transverse and traceless and the power spectrum F describes the density
of Fourier modes. The extra damping factor exp(−βκ2 ∫ a2) comes from the
friction leading to the equilibrium in eq.(17) (a consequence of the detailed bal-
ance). The expression (23) for temperature fluctuations can be finite for t→∞
owing to the damping exponential factor (even if the corresponding expression
without the diffusion grows to infinity). As pointed out in the Appendix the
power spectrum F (s, s, q) can be associated with the energy of gravitational
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waves. By means of the temperature fluctuations (23) F is accessible to mea-
surements. We discuss here some consequences of various forms of F .
At the initial stage of our study of eq.(23) we follow the monograph by
Mukhanov [5]. In the integral dq = dqq2de we integrate first over e in the
exponential in eq.(23). We obtain∫
de exp(−i(t− s)nq + i(t− s′)n′q)
= 2πq−1|(t− s)n− (t− s′)n′|−1 sin
(
|(t− s)qn− (t− s′)qn′|
)
.
(27)
Next, we use the expansion
q−1|(t− s)n− (t− s′)n′|−1 sin
(
|(t− s)qn− (t− s′)qn′|
)
=
∑
∞
l=0(2l + 1)jl(q(t− s))jl(q(t− s′))Pl(nn′).
(28)
jl is the Bessel spherical function related to the Bessel function J [35]
jl(z) =
√
π
2z
Jl+ 1
2
(z)
and Pl are the Legendre polynomials.
If F is known then there remains to perform the integrals over s and q using
eqs.(23) and (28) in order to obtain
〈Θ(t,n)Θ(t,n′)〉 =∑∞l=0(2l + 1)D˜l(t,nn′)Pl(nn′) =∑∞l=0(2l+ 1)Cl(t)Pl(nn′),
(29)
In eq.(29) D˜lPl still must be expanded in Legendre polynomials if the coefficients
Cl are to be independent of the angle. We have from eqs.(23)-(28)
D˜l =
1
16π2
∫ t
0
ds
∫ t
0
ds′
∫
dqq2F (s, s′, q) exp(−βκ2(∫ t
s
+
∫ t
s′
)dra2(r))(
2∆(nn′,−i∂s, i∂s′)2 − δ(−i∂s)δ(i∂s′)
)
jl(q(t − s))jl(q(t− s′)). (30)
Let us consider only the first term in eq.(30) (denoted Dl) resulting from the
expansion
2∆(nn′,−i∂s, i∂s′)2 − δ(−i∂s)δ(i∂s′) = 2(nn′)2 − 1 +O(∂s, ∂s′)
where O is a polynomial of at least first order in derivatives. The remaining
terms in eq.(30) can easily be calculated by taking derivatives ∂s of Dl ( the
method to express the remaining terms by time derivatives of Dl is taken from
[5]). We have
Dl =
1
16π2 (2(nn
′)2 − 1) ∫ t
0
ds′
∫ t
0
ds exp(−βκ2(∫ t
s
+
∫ t
s′
)dra2(r))∫
∞
0 dqq
2F (s, s′, q)jl(q(t− s))jl(q(t− s′)) (31)
Dl as well as D˜l have the same behaviour at large l as Cl in eq.(29). We make
a simplifying assumption
F (s, s′, q) = f(s, s′)σ(q). (32)
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First, we estimate Dl for a large l. According to the Limber asymptotic formula
[30][31] (see also the calculations in sec.9 of [32])
Dl =
1
32π (2(nn
′)2 − 1) ∫ t
0
ds(t− s)−2
f(s, s) exp
(
− 2βκ2 ∫ t
s
dra2(r)
)
σ(
l+ 1
2
t−s
)
(
1 +O(l−2)
)
.
(33)
Here, O(l−2) denotes terms of order l−2. For the inflationary almost flat spec-
trum (small ǫ)
σ(q) = Aq−3+ǫ. (34)
Eq.(34) can also apply to the model describing the appearance of inflation after
the equilibrium phase [33]. Then, ǫ → −1 + ǫ in eq.(34). For any ǫ < 2 in the
power spectrum (34) we get from eq.(33)the asymptotic behaviour
Dl = A(l +
1
2 )
−3+ǫ 1
32π (2(nn
′)2 − 1) ∫ t0 ds(t− s)1−ǫ
f(s, s) exp
(
− 2βκ2 ∫ t
s
dra2(r)
)
(1 +O(l−2)).
(35)
As can be seen from eq.(35) the asymptotics in l does not depend on the diffu-
sion. We can derive an exact result for the integral (31) using the formula 6.574
of [35](γ < σ)
∫
∞
0 dqq
−2+ǫJl+ 1
2
(σq)Jl+ 1
2
(γq) = 122−ǫ
Γ(l+ ǫ
2
)
Γ( 3
2
−
ǫ
2
)Γ(l+ 3
2
)
( γ
σ
)l
√
γσσǫ
F (l + ǫ2 ,− 12 + ǫ2 , l + 32 , γ
2
σ2
),
(36)
where F (α, β, γ, z) denotes the hypergeometric function. Applying eq.(36) we
obtain
Dl(t) =
1
16πA(2(nn
′)2 − 1) 122−ǫ
Γ(l+ ǫ
2
)
Γ( 3
2
−
ǫ
2
)Γ(l+ 3
2
)
∫ t
0
ds
∫ s
0
ds′( t−s
′
t−s
)l(t− s)ǫ
f(s, s′) exp
(
− βκ2(∫ t
s
+
∫ t
s′
)dra2(r)
)
F (l + ǫ2 ,− 12 + ǫ2 , l+ 32 , (t−s
′)2
(t−s)2 ).
(37)
The integral (31) can easily be calculated if F (32) is concentrated at s =
s′ = sd. This case describes an instantaneous metric perturbation (the metric
perturbation is limited to the moment sd) corresponding to a sudden decoupling
at s = sd from the last scattering surface [5][32]. In such a case we set
f(s, s′) = fdδ(s− sd)δ(s′ − sd).
Hence, s = s′ = sd in the argument of the hypergeometric function (36). The
metric perturbation at a fixed time is applied in the ordinary Sachs-Wolfe effect
[3] . In order to relate the integral (31) to the well-known result let us calculate
it at s = s′ and ǫ = 0 (Harrison-Zeldovich spectrum) in eq.(36). Then, we can
obtain the value of the hypergeometric function at 1 using the formula
F (α, β, γ, 1) = (F (α,−β, γ − β, 1))−1
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and
F (α, β, γ, 1) =
Γ(γ)Γ(γ − α− β)
Γ(γ − α)Γ(γ − β) .
The approximation γ ≃ σ = t− sd in eq.(37) leads to the result
∫
∞
0 dqq
−2Jl+ 1
2
(γq)Jl+ 1
2
(γq) = γ
π
(l−1)!
(l+1)! . (38)
As a consequence
Dl(t) = Afd(2(nn
′)2 − 1) 116π (l(l + 1))−1 exp(−2βκ2
∫ t
sd
dra2(r)). (39)
Hence, if the metric perturbation is applied only at a fixed time then the dif-
fusion gives just a constant factor in the standard formula for the temperature
fluctuations [5][32]. This behaviour can change when we admit power spectra
which are not of the power-like form . As an example (which can be related to
the Gibbs damping of the high energy modes) we consider the metric fluctua-
tions of the form
F (s, s′, q) = Qqn−1 exp(−βq)f(s, s′). (40)
For the power spectrum (40) we have the Limber formula
Dl(t) = (l +
1
2 )
n−1 1
32πQ(2(nn
′)2 − 1)∫ t
0
dsf(s, s)(t− s)−1−n exp
(
− β(l+ 12 )
t−s
− βκ2 ∫ t
s
dra2(r)
)
(41)
The integral (41) could be calculated by means of the saddle point method. The
saddle point sc is determined from the equation
− 1 + n
t− sc + β
l + 12
(t− sc)2 = βκ
2a2(sc) (42)
In eqs.(41)-(42 ) the dependence of Dl on l is a function of the expansion scale
factor a and the dissipation rate βκ2. Note that if κ = 0 then from eq.(41) we
obtain Dl ≃ l−1.
In order to derive an exact formula for the power spectrum (40) we can use
the integral 6.612 of [35]
∫
∞
0 dqq
n exp(−λq)Jl+ 1
2
(σq)Jl+ 1
2
(γq) =
√
γσ(−1)n l!
Γ(l+ 3
2
)
(γσ)l
∂nλ (λ
2 + γ2 + σ2)−l−1F
(
1
2 l + 1,
1
2 l +
1
2 , l +
3
2 ,
4γ2σ2
(λ2+γ2+σ2)2
)
.
(43)
The formula (43) can be applied for the calculation of Dl by means of an ex-
pansion of the hypergeometric function in a power series because λ > 0 makes
the series quickly convergent. Then,
Dl(t) =
1
32π (−1)nQ(2(nn′)2 − 1)
∫ t
0 ds
′
∫ s′
0 ds(
t−s′
t−s
)l
exp
(
− βκ2(∫ t
s
+
∫ t
s′
)dra2(r)
)
∂nλF (
1
2 l + 1,
1
2 l +
1
2 , l +
3
2 ,
4γ2σ2
(λ2+γ2+σ2)2 ),
(44)
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where γ = t− s and σ = t− s′. The analytic expressions derived in this section
give an explicit large l behaviour. The integral formulae for fluctuations could be
applied for numerical integration . In comparison with the general Boltzmann
equations [12][13] our expressions are rather elementary because we replace the
complex collision integrals by the relativistic diffusion.
5 Discussion and Outlook
We have found solutions of the relativistic diffusion equation which can be
considered as a diffusive disturbance of the standard Liouville equation in a
perturbed metric. The diffusion can approximate the collision term in the
Boltzmann equation when an interaction with the dark matter is taken into
account. The solutions describe temperature variation Θ in an inhomogeneous
metric. In order to determine the temperature variation unambiguously for
general perturbations we would need to solve the Einstein equations with the
energy-momentum tensor defined by temperature fluctuations. The energy-
momentum is determined by Θ and is of the form ≃ (T + TΘ)4. In this paper
we restrict ourselves to tensor perturbations which in the lowest order (i.e. ,
with no energy-momentum on the rhs of Einstein equations) are identical with
gravitational waves. Their quantization leads to temperature fluctuations. The
recent BICEP2 results indicate that such temperature fluctuations are of the
same order of magnitude as the fluctuations resulting from scalar perturbations.
Our results for temperature variation reduce to the ones derived earlier by other
authors in the absence of diffusion. In the sudden decoupling approximation (or-
dinary Sachs-Wolfe effect), confirmed by observations within the present exper-
imental accuracy, the dissipation gives only a multiplicative constant. However,
in the general formula for the integrated Sachs-Wolfe effect the diffusion con-
tributes along the whole particle’s path . It can give an l-dependent modification
to the multipole expansion coefficients Cl. The integrated Sachs-Wolfe effect is
negligible at large l in comparison with the ordinary Sachs-Wolfe effect. At the
present precision of measurements it seems unlikely that the effect of diffusion
on tensor perturbations can be measurable. Nevertheless, a determination of
the contribution of diffusion may suggest future measurements. We intend to
continue the study of the impact of diffusion upon remaining perturbations of
the metric (especially scalar perturbations leading to acoustic oscillations). For
this purpose we must investigate Einstein equations for the perturbations.
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6 Appendix
In general, we should insert the energy-momentum tensor T µν determined by
the diffusion (17) into the Einstein equations in order to derive the solution
for the metric perturbations hµν = a
2γµν . The solution depends on the linear
gravitational waves which are the solutions of Einstein equations at the zeroth
order of perturbation corresponding to T µν = 0. Inserting the solutions γjk in
Θ (22) we calculate the temperature fluctuations resulting from gravitational
waves in the lowest order of perturbation.
We expand solutions of Einstein equations in an external homogeneous met-
ric in plane waves
γjk(t,x) = (2π)
−
3
2
∑
λ
∫
dq|q|− 12 (a(λ,q)ejk(λ,q)γ(t,q, λ) exp(iqx) + cc), (1)
where cc denotes the complex conjugation of the preceding term, λ is the polar-
ization of gravitons, ejk are the polarization tensors and γ are solutions of the
wave equations ( see [36]). Quantizing the Fourier modes we obtain the vacuum
correlation functions of gravitons in the transverse-traceless gauge. So, in the
momentum space
〈γjn(t,k)γlr(t′,q)〉 = δ(k+q)(2π)−3P (t, t′, q)(∆jl∆rn+∆jr∆nl−∆jn∆lr), (2)
where
∆jl = δjl − qjqlq−2 (3)
and
P (t, t′, q) = q−1
∑
λ,k,j
ekj (λ,q)γ(t,q, λ)e
k
j (λ,q)γ(t
′,q, λ) (4)
P depends only on q = |q| because of the rotational invariance. Taking the time
derivatives in eq.(2)
〈∂tγjn(t,k)∂t′γlr(t′,q′)〉 = δ(k+q)(2π)−3F (t, t′,q)(∆jl∆rn+∆jr∆nl−∆jn∆lr),
(5)
where
F (t, t′,q) = ∂t∂t′P (t, t
′,q). (6)
The power spectrum F (t, t, q) is related to the energy ǫg of gravitational waves
[34]
ǫg =
a2
32πG
∫
dqF (t, t, q) (7)
We can understand the power spectrum appearing in temperature fluctua-
tions in a wider sense as the energy impulse coming from gravitational waves.
We could obtain such generalized F calculating the correlation functions of γ
in quantum states more general than just the vacuum states. In such a case the
impulse described by F can be confined in time.
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As a standard example leading to the power spectrum (34) with ǫ = 0 we
consider de Sitter space with the metric ds2 = t−2(dt2 − dx2). The correlation
functions in the Bunch-Davis vacuum are
PdS(t, t
′,q) =
1
2|q|
(
1 +
i(t− t′)
|q|tt′ + (q
2tt′)−1
)
exp(−i(t− t′)|q|) (8)
For a small q
F (t, t, q) =
1
2
q−3t−4 (9)
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